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A s tudy  i s  made of t h e  r a d i a t i o n  r e s i s t a n c e  of long c y l i n d r i c a l  s h e l l s  
i n  con tac t  w i t h  an i d e a l  compressible acous t ic  medium of i n f i n i t e  
ex ten t .  The problem i s  formulated mathematically i n  terms of two 
d e s c r i p t i v e  d i f f e r e n t i a l  equat ions:  one f o r  t h e  c y l i n d r i c a l  s h e l l  and 
t h e  o t h e r  f o r  t h e  a c o u s t i c  medium. The s o l u t i o n  t o  these  squat ions is 
obtained by impos i t ion  of a  boundary condi t ion  e s t a b l i s h i n g  v e l o c i t y  
compat ib i l i ty  a t  t h e  s h e l l - f l u i d  i n t e r f a c e  and by t h e  requirement t h a t  
t h e  r e s u l t s  s a t i s f y  t h e  r a d i a t i o n  condi t ion  i n  t h e  l i n i t  a t  l a r g e  
d i s t a n c e s  from t h e  s u r f a c e  of t h e  s h e l l .  For  convenience and general-  
i t y ,  t h e  r e s u l t s  a r e  obtained i n  terms of dimensionless s e r i e s  t h a t  
a r e  numerical ly  evaluated f o r  r e a l i s t i c  ranges of t h e  dimensionless 
parameters involved. . - 
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THE RADIATION RESISTANCE OF CYLINDRICAL SHELLS 

EXHIBITING 

AXISYMMETRIC NODE SHAPES 
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INTRODUCTION 

The r a d i a t i o n  r e s i s t a n c e  of c y l i n d r i c a l  
s h e l l s  has not been s tud ied  i n  e i t h e r  g r e a t  
depth o r  w i t h  broad g e n e r a l i t y .  I n  f a c t ,  t h e  
need t o  do so  i n  r e l a t i o n s h i p  t o  acous t ics  
problems has only r e c e n t l y  mate r ia l i zed  i n  con- 
junc t ion  with t h e  development of s t a t i s t i c a l  
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energy methods of vibration a n a l y s ~ s  [l, 2, 3, 
41. Morse [5] ,  Junger [6, 7 .  81, Bleich and Equation (1) is  an equat ion of motion f o r  the  

s h e l l  i n  terms of the  r a d l a l  displacement, w, 
Baron [9], Greenspon [ l o ]  and o t h e r s  have in -  

a lone.  This equat ion w i l l  be employcd t o  com- 
v e s t i g a t e d  t h e  problem of c y l i n d r i c a l  s h e l l -  

p l e t e l y  descr ibe  t h e  c y l i n d r i c a l  s h e l l  f o r  
a c o u s t i c  media v l b r a t l o n a l  i n t e r a c t i o n  from 

axisynmetr ic  mode shapes, and w i l l  be solved I 
numerous p o i n t s  of view, but l i t t l e  work has 

s imultaneously with the  wave equat lon t o  o b t a ~ n  
been d i r e c t e d  toward t h e  determinat ion of  t h e  I 

t h e  des i red  expression f o r  the  r a d i a t r o n  re -  r a d i a t i o n  resistance. Recent work r e l a t e d  t o  e 
t h e  r a d i a t i o n  r e s i s t a n c e  of cv l i  n d r i c a l  s h e l l s  s i s  tance. I 

has  been done i n  terms of modal conf igura t ion  
s t u d i e s  [ l l ]  and numerical techniques [12, 131. The d e s c r i p t i v e  equat ion f o r  the  acous t ic  

I n  c o n t r a s t ,  t h i s  s tudy employs a  mathematical medium i s  t h e  c l a s s i c a l  wave equat ion which i n  

model c o n s i s t i n g  of simultaneous d i f f e r e n t i a l  terms of t h e  v e l o c i t y  p o t e n t i a l ,  @, i s  

equations--one descr ib ing  the  motion of the  
s h e l l  and t h e  o ther ,  t h e  motion of the  f l u i d .  2 1 a2@ 
The s o l u t i o n  of these  equat ions i s  obtained by p @ = - - .  ( 2) 

c l a s s i c a l  separa t ion-of -var iab les  techniques c2  a t2  
s u b j e c t  t o  a  v e l o c i t y  compat ib i l i ty  boundary 
condi t ion  a t  the  s h e l l - f l u i d  i n t e r f a c e  and to A t  t h e  s h e l l - f l u i d  i n t e r f a c e ,  t h e  boundary 
t h e  r a d i a t i o n  condi t ion  a t  l a r g e d i s  tances from condi t ion  w i l l  r epresen t  t h e  constrai-nt  t h a t  the  
t h e  s h e l l  su r face .  The r e s u l t s  a r e  u t i l i z e d  t o  r a d i a l  v e l o c i t y  of t h e  s h e l l  su r face  i s  equal 
compute t h e  power r a d i a t e d  and the  r a d i a t i o n  t o  t h e  r a d i a l  v e l o c i t y  of t h e  f l u i d  p a r t i c l e s  
r e s i s t a n c e .  i n  con tac t  with t h e  s h e l l ,  and i s  expressed 

mathematically a s  

AXALYTICAL DEVELG?MENT 
: 

The nrnhlnl nf l zzg  Cplin<riczl n h c l l  5 3  ' - -  
contac t  wi th  an i d e a l  compressible a c o u s t i c  
medium i s  examined. The d e s c r i p t i v e  d i f f e r e n -  
t i a l  equat ion f o r  t h e  s h e l l  i s  developed based 
on hypotheses t h a t  the  l eng th  of the s h e l l  i s  
l a r g e  compared t o  the  radius;  the s h e l l  m a t e r i a l  
i s  i s o t r o p i c ,  e l a s t i c  and obeys t h e  t h i n  s h e l l  
equat ions of deformation; and the  s u r f a c e  of 
t h e  s h e l l  assumes a  v i b r a t i o n a l  mode shape 
which can be mathematically described i n  terms 
of t h e  a x i a l  coord ina te  alone.  

. Beginning wi th  the  general  t h i n - s h e l l  
d i f f e r e n t i a l  equat ions [14] r e l a t i n g  displace-  
ments t o  t h e  l i k e  components of appl ied forces ,  
t h e  d e s c r i p t i v e  equat ion f o r  the  s h e l l  i s  
developed by f i r s t  no t ing  t h e  mathematicai 
impl ica t ion  of t h e  mode shape assumption; by 
combining the  r e s u l t i n g  equat ions i n t o  one 
equa t ion  i n  t h e  r a d i a l  displacement, w; and by 
cons ider ing  the  r a d i a l  s u r f a c e  load t o  be 
composed of t h r e e  components. The f i r s t  
component i s  the  i n e r t i a  o r  dlAlembert force;  
t h e  second, t h e  a c o u s t i c  r e s i s t i n g  force;  and 
t h e  t h i r d ,  t h e  app l ied  s u r f a c e  load,  q, which 
i s  due t o  a  source wi th in  t h e  cy l inder  and w i l l  
be considered t o  be a  func t ion  of both time, t, 
and the  a x i a l  coordinate ,  a. The f o r c e  due t o  
t h e  presence of t h e  a c o u s t i c  medium w i l l  be 
expressed i n  terms of an acous t ic  v e l o c i t y  
p o t e n t i a l ,  $. The r e s u l t  i s  

A t  l a r g e  d i s t a n c e s  from t h e  sur face  of t h e  
s h e l l  a s  r approaches i n f i n i t y ,  the  physical  
impl ica t ions  of t h i s  boundary condi t ion  a r e  
t h a t  no r e f l e c t i o n s  o r  o ther  phys ica l  d i s t u r b -  
ances occur a t  the  f a r  boundaries of the  acous- 
t i c  medium. This c o n s t r a i n t  i s  termed t h e  
r a d i a t i o n  condi t ion  and assures  t h a t  the  solu-  
t i o n s  t o  t h e  wave equation represen t  outgoing 
waves. Mathematically, 

am 
l i m  g';'[x - i k  4 1  = 0  f o r  kr > 0, (4a) 
r e  

and 

am 
l i m  JF - I? $1 = 0  f o r  I? = i k  >O. (4b) 
r-00 r r 

The s o l u t i o n s  of equat ion (2) s u b j e c t  to  
t h e  boundary condi t ion  equat ions (4) a r e  

n ~ ~ a  i w t  
@ ( a ,  t )  = i Z A s i n  - H ( k )  e (5a) 

n=l  n  L  

f o r  kr > 0, and 

@ a ,  t) = i w  Z A s i n  O"? a ~ ( l )  ( i s r r j  ,'wt (5b) 
n=l  

L 0  



f o r  Er = i k  > 0. ~ h k  v e l o c i t y  p o t e n t i a l  i s  

then determined except f o r  the cons tan t  An. 

Equation (1) and the  boundary condi t ion  equa- 
t i o n  (3) a r e  t h e  information required f o r  i t s  
determinat ion.  Expanding the  appl ied load on 
t h e  sur face  of the  cy l inder  a s  

and u t i l i z i n g  equat ion (3)  y i e l d s  an equat ion 
which can be s impl i f i ed  t o  t h e  form 

where 

2 2 nria 4 + Eha 
2 

xn = E [(-+ -rS-l ' 

Defining 

A t  t h i s  po in t ,  t h e  gquations f o r  the  
v e l o c i t y  p o t e n t i a l  w i l l  be w r i t t e n  i n  terms of 
a  non-dimensional s e r i e s  t o  f a c i l i t a t e  numeri- 
c a l  evaluat ion.  Defining 

v a  
wa ? l = c ,  5 = , and x  = k a  , (14) 

r lc 
0 0 

f o r  kr > 0 and a = o f o r  E r = i k  > 0 with r 

y i e l d s  

o v e r  H x  = Jm(x) + iYm(x), consequently 
m 

s u b s t i t u t i o n  of t h i s  expression i n t o  equat ion 
(7) y i e l d s  an equat ion which can be employed t o  
determine An a s  i s  ind ica ted  below. 

and r e w r i t i n g  equa t ion  (8) produces 

The r a d i a t i o n  r e s i s t a n c e  w i l l  now be 
ca lcu la ted .  A t  l a r g e  d i s tances  from the  sur face  
of  the  c y l i n d r i c a l  s h e l l ,  the  acous t ic  p ressure  

w i l l  be determined by no t ing  t h a t  p  = p- '$ azd 
U UL 

t h a t  the  Hankel funct ion can be asymptot ical ly  
represented i n  terms of an exponential  funct ion.  
The a c o u s t i c  p ressure  i n  the  f a r - f i e l d  i s  thus 

The r a d i a l  f l u i d  p a r t i c l e  v e l o c i t y  i s  obtained 
by not ing t h a t  a t  l a r g e  d i s tances  from t h e  
s u r f a c e  of the  s h e l l ,  t h e  c y l i n d r i c a l  wave 
f r o n t  behavior approaches t h a t  of a  plane wave 
f r o n t  i n  any small  increnent  of p o l a r  angle. 
Consequently t h e  plane wave r e l a t i o n s h i p  between 
p and u  w i l l  be employed: ur = P / P o ~ o .  The 

product of the  r e a l  p a r t  of the  acous t ic  pres-  
s u r e  and the  r e a l  p a r t  of the f l u i d  v e l o c i t y  
averaged over  time i s  the  i n t e n s i t y  o r  rad ia ted  
power p e r  u n i t  of acous t ic  f i e l d  area,  

Consequently, the  v e l o c i t y  p o t e n t i a l  is  

manipulat ion y i e l d s  

The t o t a l  rad ia ted  power i s  



I n t e g r a t i n g  and making use of o r thogona l i ty  
gives 

and 

Consequently a l l  q u a n t i t i e s  i n  equat ion (21) a r e  

(19) 
now represented i n  terms of the  fo rc ing  f r e -  
quency parameter, 'Q; t h e  s h e l l  geometry 
parameters, a/L, and h / ~ ;  and the  m a t e r i a l  The mean-square sur face  v e l o c i t y  of the  
p roper t i es ,  po/ps,  CL/co, and v with %/ao = 1/n. v i b r a t i n g  sur face  i s  now required,  and w i l l  be 

c a l c u l a t e d  from @ based on an equat ion s i m i l a r  
t o  equat ion ( 3 ) .  The sur face  r a d i a l  v e l o c i t y ,  The numerical ana lys i s ,  pe r  se ,  i s  a  

u  i s  determined. The r e a l  p a r t  of t h i s  parameter s tudy of t h e  problem i n  t e n s  of t h e  
a' previously mentioned parameters: the  ranges of 

quant i ty  i s  squared t o  y i e l d  u:, a  quant i ty  
va lues  f o r  t h e  s h e l l  geometrv ~ a r a m e t e r s  and - - .  

which i s  averaged over time and space to  produce f o r  7 a r e  approximately 
* 

t h e  mean square sur face  v e l o c i t y ,  uL. 
< 'Q 5 lo3 , - 

A d i g i t a l  computer was employed t o  sum the  
The r a d i a t i o n  r e s i s t a n c e  p e r  c h a r a c t e r i s  IC 

l eng th  of t h e  s h e l l  i s  thus Rrad = 2WrlU5.0r 
dimensionless s e r i e s  which i s  f i n i t e  f o r  k_ > 0.  

The program incorporates  t h i s  infonnat ion and 
terminates  summation f o r  any va lue  of n  g r e a t e r  

% " 2  than ?jl(na/L). The program a l s o  termjnates  - (3 
1 

su~ruildiiun iu i:ir L ~ S B  O: SSLIVET~CI~CC t; ; ~ E ~ 5 1 c  
v a l u e  f o r  each s e r i e s .  

* = 'Q2 - 5 
Rrad = 4  pocoL (T) o Y The numerical r e s u l t s  a r e  shown i n  Figures  

1 through 4. F igure  1 presen ts  t h e  dirnension- 
l e s s  Rrad f o r  small 'Q: t h e  acous t ic  medium i s  

a i r .  Because t h i s  r e s u l t s  peaks a t  each 
resonance of the  s h e l l ,  an averaged o r  smoothed - 
curve would be more usefu l  i n  octave band 

(21) a n a l y s i s  work. Hence the  computer i s  employed 
t o  average t h e  t h e o r e t i c a l  curve t o  ob ta in  t h e  

f o r  k > 0  and f o r  IE > 0, Rrad = 0. averaged curve a l s o  shown i n  Figure 1. Figure 2 
d e p i c t s  t h e  same information f o r  an acous t ic  
medium of water  i n s t e a d  of a i r .  Figure 3 is  

NUMERICAL EVALUATION e s s e n t i a l l y  a  comparison of t h e  r e s u l t s  f o r  
small 'Q f o r  acous t ic  environments of e i t h e r  a i r  

Numerical eva lua t ion  of the  expression f o r  o r  water.  F i n a l l y  i n  Figure 4, t h e  averaged 

t h e  r a d i a t i o n  r e s i s t a n c e  can be accomplished by r a d i a t i o n  r e s i s t a n c e  f o r  a  s h e l l  i n  con tac t  

w r i t i n g  xr, 5 ,  and v /X a s  dependent v a r i a b l e s ,  w i t h  water  is  ind ica ted  f o r  a  wide range of 
n  n  TI values.  

func t ions  of the  independent v a r i a b l e  'Q and 
o ther  b a s i c  parameters which a r e  r e l a t e d  t o  the  
geometry of t h e  s h e l l  and the  physical  proper- DISCUSSION AND CONCLUSIONS 
t i e s  of the  s h e l l  m a t e r i a l  and f l u i d .  Thus 

The r e s u l t s  e x h i b i t  e x c e l l e n t  agreement 
wi th  t h e  b a s i c  c h a r a c t e r i s t i c s  of previous work 

2  nna 2  21 
,xr = ['Q - (--+ 1 , (22) on the  r a d i a t i o n  r e s i s t a n c e  of s h o r t  cy l - indr ica l  

s h e l l s  [ l l ] .  Although the  work reviewed i n  t h i s  
r e p o r t  i s  t h e o r e t i c a l l y  app l icab le  to  long o r  

vn 2 1 , (23) 
mathematically i n f i n i t e  c y l i n d r i c a l  s h e l l s :  

(-) = 
x, J x  

'0 a  h  -1 0' r )  
Figure 4, which i n d i c a t e s  the  averaged behavior 

1 + (-) (;) (c) qTqY-  
of Rrad over a  wide range of dimensionless 

Ps 
frequency values,  shows q u i t e  c l e a r l y  the  
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!! c l l a r a c t e r i s t i ~ s  of p rev ious ly  publ ished experi-  

'1 oenta l  d a t a  w i t h  regard t o .  t h e  two peaks i n  t h e  
;,,to middle-frequency va lues  and t h e  asymp- 
t o t i c  approach t o  t h e  r a d i a t i o n  r e s i s t a n c e  of a 
f la t  p l a t e  of equal  a r e a  f o r  l a r g e  va lues  of 

I the dimensionless frequency parameter, 'tl. The 
~0 peaks a r e  i d e n t i f i e d  a s  t h e  r i n g  frequency, 

t h e  frequency a t  which t h e  l o n g i t u d i n a l  
r ' 

w v e  length i n  t h e  c y l i n d e r  m a t e r i a l  i s  equal  
i t s  circumference, and t h e  c r i t i c a l  f r e -  

quency, w , t h e  frequency a t  which t h e  
g 

flexural-wave speed i n  a f l a t  p l a t e  of equiva- 
l e n t  thickness  i s  equal  t o  t h e  speed of sound 
i n  the  surrounding a c o u s t i c  medium, respec t ive-  
ly. For l a r g e  va lues  of 7, t h e  r e s u l t s  a s  

< indicated i n  F igure  4 o s c i l l a t e  between t h e  
dot ted curve which represen ts  t h e  upper bound 
and t h e  dashed curve which r e p r e s e n t s  t h e  
asymptotic l i m i t  f o r  va lues  of t h e  r a d i a t i o n  
r e s i s t a n c e  of t h e  cy l inder .  

. Due t o  t h e  s u b s t a n t i a l  d i f f e r e n c e s  i n  t h e  
' she l l  and a c o u s t i c  environment i n  t h e  two 
cases--the t h e o r e t i c a l  work repor ted  h e r e  
applying t o  a - l o n g  c y l i n d r i c a l  s h e l l  i n  con- 
t a c t  wi th  an unbounded i d e a l  f l u i d  and t h e  
experimental work of  Manning and Maidanik, f o r  
example, applying t o  a shor t ,  f langed c y l i n d e r  
i n  con tac t  wi th  a reverberan t  a i r s p a c e - - i t  is 
f e l t  t h a t  t h e  r e s u l t s  of t h i s  work show good 
agreement w i t h  experimental s t u d i e s .  The 
decaying o s c i l l a t i o n  of t h e  r a d i a t i o n  r e s i s -  
tance a s  7 becomes l a r g e  is an e f f e c t  perhaps 
due t o  t h e  combined i n f l u e n c e  of formulzt ing 
the  problem i n  terms of  axisynrmetric mode 
shapes ul' t h e  c y l i a i c r  a n d t h e  anechoic 
acous t ic  environment. More study, both 
t h e o r e t i c a l  and experimental,  i s  needed t o  
c l a r i f y  t h i s  po in t .  

This work was supported by NASA, Langley 
Research Center. 
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DISCUSSION 

Mr. Chaump (General Electr ic  Co.): Was --- 
your source  inside tKeecylinder a line source  
or  a spher ical  source  ? 

Mr. Runkle: It could be compared to  a 
propagating wave. 

Mr. Chaump: You were  looking at longi- 
tudinal waves instead of radially outward 
waves ? 

Mr. Runkle: Yes. -- 


